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Abstract 

The binary primitive triple-error-correcting BCH code is a cyclic code 
of minimum distance d — 7 with generator polynomial having zeros a, a 3 
and a where a is a primitive (2™ — l)-root of unity. The zero set of the 
code is said to be {1,3,5}. In the 1970's Kasami showed that one can 
construct similar triple-error-correcting codes using zero sets consisting of 
different triples than the BCH codes. Furthermore, in 2000 Chang et. al. 
found new triples leading to triple-error-correcting codes. In this paper 
a new such triple is presented. In addition a new method is presented 
that may be of interest in finding further such triples. The method is 
illustrated by giving a new and simpler proof of one of the known Kasami 
triples {1, 2 fc + l, 2 ik + 1} where n is odd and gcd(fc, n) = 1 as well as to find 
the new triple given by {1, 2 fc + 1, 2 2h + 1} for any n where gcd(fc, n) = 1. 

1 Introduction 

The well known t-error-correcting BCH codes were found by Bose and Chaud- 
huri [5] and Hocquenghem [Sj and they have been a topic for thorough investi- 
gations. The binary primitive triple-error-correcting BCH code is a cyclic code 
of minimum distance d = 7 with generator polynomial g (x) having zeros a, a 3 
and a 5 where a is a primitive (2™ — l)-root of unit in GF(2 n ), the finite field 
with 2™ elements. The zero set of the code is said to be the triple {1,3,5}. 
Kasami [7] and Chang et. al. [I] showed that one can construct similar triplc- 
error-correcting codes using zero sets consisting of different triples. One of the 
Kasami triples are {l,2 fc + l,2 3fc + 1} where gcd(fc,n) = 1. We present a new 
proof that this triple leads to a triple-error-correcting code. Furthermore, the 
main result in this paper is to find a new triple given by {1, 2 fe + 1, 2 2k + 1} for 
any n where gcd(fc, n) = 1. 

Let d\ = 1, d% = 3, and d$ = 5, then we can construct the parity-check 
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matrix H of the triple-error-correcting BCH code as follows: 
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In general we are interested in finding triples {d\, e?2, ^3} such that H is the 
parity-check matrix of a triple-error-correcting code C . Each column is a binary 
vector of length 3n composed of the binary representations of three elements of 
GF (2 n ) with respect to some chosen basis. This matrix is a 3n by 2™ — 1 array 
and hence C has parameters [2" — 1, 2" — 3n — 1, d] (except for some degenerate 
cases). This means that C is a code of dimension 2™ — 3n — 1 and minimum 
Hamming distance d = 7 between any pair of codewords. 

2 Known Triple-Error-Correcting Codes 

The following table lists some of the known triples that lead to triple-error- 
correcting codes that can be constructed by the parity-check matrix H above. 



Triples 


Conditions 


References 


{l,2 k + l,2 2k + 1} 


gcd(n, k) = 1 
any n 


Theorem 1 


{l,2 k + l,2 3fc + 1} 


gcd(n, k) = 1 
n odd 


m 

Theorem 2 


{1,2* + 1,2*+ 2 +3} 


n = 2t + 1 
n odd 


a 


| 2 fc + l2 3k + lj2 5fc + X | 


gcd(n, k) = 1 
n odd 





{1,2* + l^*- 1 + 1} 


71 = 2f + 1 
n odd 






3 New triple-error-correcting Codes 

In this section we consider zero sets from two triples that lead to the construction 
of triple-error-correcting codes. First we consider the new triple {1, 2 k + 1, 2 + 
1} where gcd(fc,?i) = 1 and where n can be odd or even. The n even case is 
new while the n odd case is a consequence of Kasami [7]. Thereafter, we apply 
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a similar technique to provide a new and simpler proof of the triple {l,2 k + 
l,2 3k + 1}, where n is odd and gcd(fc,n) = 1, that was shown by Kasami [7j 
to lead to triple-error-correcting codes. Furthermore, we demonstrate that this 
triple will not lead to a code of distance seven when n is even. We believe these 
results will provide further insight into the problem since it shows some new and 
interesting connections to the number of solutions of some special polynomials 
over finite fields given in Lemma [T] and Lemma [2j 

We shall make use of the following lemma, a proof of which can be found in 
Bracken et. al. [3]. 

Lemma 1 Let s be an integer satisfying gcd(s, n) = 1 and let fix) = X)f=o TiX ' 2 
be a polynomial in GF(2 n )[x]. Then f{x) has at most 2 d zeroes in GF(2 n ). 

The following lemma is a consequence of a result in Bluher pQ . 

Lemma 2 An equation of the form x 2> " +1 + bx 1 ^ + cx = d defined on GF(2 n ), 
has no more than three solutions in x when gcd{k,n) = 1 for all b, c, and d in 
GF{2 n ). 

One technique for determining the minimum distance of an error-correcting 
code is to use the fact that, if there are no sets of d — 1 linearly dependent 
columns in H, then the code C has distance of at least d. This fact is easily 
derived from the fact that C is the nullspace of H . To obtain our results we will 
assume that H has six linearly dependent columns and derive a contradiction, 
thus demonstrating a minimum distance of seven. 

A useful observation is that the codes with zero sets {l,2 k + 1} where 
gcd(fc, n) = 1 have minimum distance five. For k = 1 this follows since the 
code is the double-error-correcting BCH codes. The general result is a simple 
consequence of the well known result that f(x) — x 2 +1 is an almost perfect 
nonlinear (APN) power functions when gcd(fc,n) = 1. Note that an APN func- 
tion is a function such that f(x + a) + f(x) = b has at most two solutions 
x 6 GF(2 n ) for any a^O and b in GF(2 n ). For more information about APN 
functions the reader is referred to Bracken et. al. [3] and Dobbertin [5]. 

Theorem 1 The error- correcting code with the zero set {l,2 k + l,2 2fe + 1} is 
triple- error- correcting provided gcd(k, n) = 1. 

Proof: If H has six or less dependent columns then there must exist elements 
x, y, z, u, v, w in GF{2 n ) such that, 

x+y+z+u+v+w=0 
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x 2«+l + y 2« + l + z 2* + l + u 2«+l + v 2- + l + w 2- + l = 

x 22k+1 + y 22k+1 + z 22k+1 + u 22k+1 + v 22k+1 + w 22k+1 = 0, 

has a nontrivial solution (i.e., not all being zero or pairwise equal). 

Note that since the code with zero set {1, 2 k + 1}, where gcd(fc, n) = 1, has 
minimum distance five it follows from the first two equations that all elements 
x, y, z, u, v, w have to be distinct. 

We can write this as 

x+y+z=a=u+v+w 

x 2"+l + y 2«+l + z 2»+l = b = u 2«+l + v 2»+l + w 2« + l 

x 22k+1 + y 22k+1 + z 22k+l = c = u 22k+1 + v 22k+1 + w 22k +\ 

for some a,b,c G GF(2 n ). 

Note that b ^ a 2 +1 since otherwise there would be a codeword of weight 
4 with error locations {x,y, z,a}, contradicting that the code with zero set 
{l,2 fc + 1}, where gcd(fc,n) = 1, has minimum distance five. 

In order to obtain the required contradiction we will demonstrate that the 
following system 

x + y + z = a 
x 2k+1 +y 2k+1 +z 2k+1 = b 
x 22k+1 +y 22k+1 +z 22k+1 =c, 

cannot have six solutions in x for any a,b,c S GF(2 n ). 

Replace x with x + a, y with y + a and z with z + a. Then the system 
becomes, 

x + y + z = 

(x + af +1 + (y + af +1 + (z + af +1 = b 

(x + af k+1 + (y + af k+1 + (z + af k+1 = c. 

Expanding the second and third equations and using the first one that x + 
y + z = 0, leads to the following simple equation system. 

x + y + z = 

x 2k+1 +y 2k+1 +z 2k+1 =b + a 2k+1 
x 22k+1 + y 22k+1 + z 22k+1 = c + a 22k+1 . 
Substituting z — x + y leads to 

x y + y x = p 

2 2fc 2 2k 

x y+y x = 7 
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where (3 = b + a 2k+1 and 7 = c + a 22k+1 . Note in particular that (3 7^ since 
we already showed above that b ^ a 2 +1 . We now replace y with xy and get, 

x 2k+1 (y + y 2k ) = f3 (i) 

/ +1 fe + !/ j!i )=7. (2) 
A rearrangement of Equation (1) yields 

y + y 2 " =px- 2 "-\ 

which implies 

1 2 2fc -2 k -l 1 o2 fe -2 2h -2 k 

y + y = px + p x 
We can now place this expression for y + y 2 into Equation (2) and obtain 

2 2fc + l/a -2 fc -l 1 n2 k -2 2fc -2 fc \ 

x T (pa; + p x ) = 7. 

This becomes the linearized equation 

/fe 2 + /3 2 x + 7a; 2 = 0, 

which since /3 ^ has no more than four solutions in x by Lemma [1] and we are 
done. □ 

The following result was first proved by Kasami [7] but we provide another 
proof as it is rather elementary and we believe it provides further insight into 
the problem. In particular the proof shows an interesting connection to the 
equation in Lemma [2j 

Theorem 2 Let n be odd and gcd(fc,n) = 1. Then the error- correcting code 
constructed using the zero set {l,2 fe + l,2 3fc + l} is tripl e- error- correcting. 

Proof: Using the same arguments as in Theorem [T] we obtain the pair of 
equations 

x 2k+ \y + y 2k )=fi (1) 

x 23k +\y + y 23k )= 1 , (2) 

where (3 — b + a 2 +1 / and 7 = c + a 2 +1 . We rearrange Equation (1) and 
obtain 

y + y 2 " =p X - 2k -\ 

which implies 

y + y 2 = (3x- 2 + f3 2 x- 2 ~ 2 + f3 2 x~ 2 ~ 2 . 
Combining this with Equation (2) we get 

2 3k + l/ a -2 k -l 1 a2 k -2 2k -2 k , o2 2fc -2 3k -2 2k \ 

x T (px + p X + p X ) = 7. 
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This becomes 

2 3fc _2 fc . r,2 k 2 3fe +l-2 2fc -2 fe i n2 2k l-2 2k 
fix + (3 X T + p X =7. 

Next let r — x 2 ^^ 1 . This substitution is one-to-one as n is odd. We now have 
flr** + ^ r 2 fc -i +/3 2 2fc r -i =% 

which implies 

(3r 2k+1 + (3 2 "r 2k + 7 r + /J 2 "" = 0. 

Since (3 ^ it follows by Lemma 2 that this equation can have no more than 
three solutions in r. Hence, we conclude that the code has minimum distance 
at least seven and we are done. □ 

It is interesting to observe that in Theorem [2] we need n to be odd (and 
gcd(fc,n) = 1) while this is not needed in Theorem [T] We will show that this 
condition is necessary in order for Theorem [5] to hold. 

Let n is even and we will show that the code with zero set corresponding to 
the triple {1, 2 k + 1, 2 3fe + 1} has minimum distance at most six. We will show 
this by constructing a nonzero codeword of Hamming weight at most six. 

Case 1: Let k be odd (and n even). Let 5 be a primitive element in GF(2 2 ) C 
GF(2 n ) and thus S 3 = 1. Let x,y and z be selected as nonzero elements in 
GF(2 n ) such that x + y + z = and x/y {1, 5, S 2 }. Then {x, y, z, Sx, Sy, Sz} 
are the locations for a nonzero codeword of weight six. This follows since the 
conditions imply that the locations are all distinct and k is odd and thus 5 2 +1 = 
S 2 +1 = 1 and therefore 

x + y + z = Sx + Sy + 5z 
x 2 k +i + y 2 k +i + z 2 k +i = ( 6x f+i + (Sy) 2k+1 + (Szf +1 
x 23k+1 + y 23k+1 + z 23k+1 - (8xf k+1 + (Syf k+1 + (Szf +1 . 

Case 2: Let k (and n) be even. Let 5 be a primitive element in GF(2 2 ) C 
GF(2 n ). Select x to be a nonzero element in GF(2 n ). Then there is a codeword 
in the code of weight three with error locations x, xS and x8 . 

This follows since the conditions imply that the locations are all distinct and 
since k is even we have S 2 " +1 + S 2 ^ k +^ = S 23k+1 + pV+V = 1. Therefore it 
holds that 

x + xS + zS 2 = x(l + 5 + S 2 ) = 

X 2 " + l + X 2k+1 S 2k+1 + X 2 fc +lj2(2 fc + l) = 
x 23k+1 + x 23 ' C + 1 ( 52 3 ' i +l + a ,2 3fc + l ( j2(2 3 ' i +l) _ g 

Finally we note that Theorem [1] works for any n when gcd(fc, n) = 1. Thus 
this implies that when n is even then k must be odd. In the case when n is even 
and k is even the result will not hold since we can use the same technique as in 
Case 2 to obtain a codeword of weight three. 
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4 Conclusion 



A new triple-error-correcting code has been constructed and a new simpler proof 
of one of the triple-error-correcting codes by Kasami has been presented. The 
proofs show some new connections to properties of some special equations of 
finite fields given in Lemma [T] and Lemma [21 Finding further triples leading 
to new triple-error-correcting codes is a fascinating and challenging research 
problem that may lead to other interesting connections. 



Acknowledgment 

This research was supported by the Norwegian Research Council. 



References 

A. W. Bluher, "On x q+l + ax + b = 0", Finite Fields and Applications, vol. 
10 (3), pp. 285-305, 2004. 

R. Bose and D. Ray-Chaudhuri, "On a class of error correcting binary 
group codes," Info, and Control, vol. 3, pp. 68-79, 1960. 

C. Bracken, E. Byrne, N. Markin and G. McGuire, "Determining the Non- 
linearity of a New Family of APN Functions," Proceedings of AAECC-17, 
Lecture Notes in Computer Science, vol. 4851, pp. 72-79 , 2007. 

A. Chang, S. W. Golomb, T. Hclleseth and P. V. Kumar, "On a conjectured 
ideal autocorrelation sequence and a related triple-error correcting cyclic 
code," IEEE Trans. Inform. Theory vol. 46, pp. 680-687, 2000. 

H. Dobbertin, "Almost perfect nonlinear power functions on GF(2 n ): The 
Kasami case," IEEE Trans. Inform. Theory vol. 45, pp. 1271-1275, 1999. 

A. Hocqucnghem, "Codes correcteurs d'erreurs," Chiffres (Paris), 2, pp. 
147-156, 1959. 

T. Kasami, "The weight enuerators for several classes of subcodes of the 
second order binary Reed-Muller codes," Inf. Contr., vol. 18, pp. 369-394, 
1971. 

F. J. MacWilliams and N. J. A. Sloane, "The Theory of Error- Correcting 
Codes," North Holland, Amsterdam, pp. 288, 1977. 



7 



